In this paper, we study Higgs bundles and flat bundles over non-Kähler manifolds. Suppose (X, ω) is a compact Hermitian manifold of dimension n satisfying ∂∂ω n−1 = ∂∂ω n−2 = 0, we prove that every semi-stable Higgs bundle (E,∂ E , θ) over (X, ω) with vanishing first and second Chern numbers is an extension of Higgs-Hermitian flat bundles. Moreover, suppose (X, ω) also satisfies X ∂[η] ∧ ω n−1 (n−1)! = 0 for every [η] ∈ H 0,1 (X), we prove that there is an equivalence of categories between the category of poly-stable Higgs bundles with vanishing Chern numbers and the category of semi-simple flat bundles. At last, in rank 2 case, we show that there is an one-to-one correspondence between the moduli space of semi-stable Higgs bundles with vanishing Chern numbers and the moduli space of flat bundles.
Introduction
Higgs bundles were introduced by Hitchin [10] and developed by Simpson [22, 23] . It carries a rich structure and plays an important role in many areas including gauge theory, Kähler and hyperkähler geometry, group representations, and nonabelian Hodge theory. The results by Corlette [3] , Donaldson [8] , Hitchin [10] and Simpson [23] , provide a correspondence between the moduli space for poly-stable Higgs bundles with vanishing Chern numbers and the moduli space for semi-simple flat bundles over compact Kähler manifolds. It is nature to ask whether this correspondence holds for non-Kähler manifolds. Biswas [1] showed us that this is not true for general non-Kähler manifolds. He constructed a class of non-Kähler manifolds such that the correspondence is invalid. But it is still a question whether it is true on non-Kähler manifolds which satisfy some suitable conditions or not.
Let (X, ω) be a compact Hermitian manifold of dimension n, (E,∂ E , θ) be a Higgs bundle over X, i.e. (E,∂ E ) is a holomorphic vector bundle and θ ∈ Ω 1,0 (EndE) is a holomorphic section satisfying θ ∧ θ = 0. Suppose the Hermitian metric ω satisfies the Gauduchon and Astheno-Kähler conditions, i.e. ∂∂ω n−1 = ∂∂ω n−2 = 0, then the first and second Chern numbers of holomorphic vector bundles are well-defined. Let C s DR (resp. C DR ) denote the quotient set of semi-simple flat bundles (resp. flat bundles) module an equivalent relation, and C s Dol (resp. C Dol ) denote the quotient set of polystable (resp. semi-stable) Higgs bundles with the vanishing first and second Chern numbers module an equivalent relation. The Donaldson-Uhlenbeck-Yau theorem [7, 17, 24] states that every poly-stable holomorphic vector bundle over a Kähler manifold admits a Hermitian-Einstein metric. This theorem was generalized to the Higgs bundles case by Hitchin [10] and Simpson [22] , and is also valid for compact Gauduchon manifolds [2, 12, 15] . So we know that there is an injective map from C s Dol to C s DR . It is natural to construct an injective map from C s DR to C s Dol on some non-Kähler manifolds. Let D be a flat connection on the bundle V . Given a Hermitian metric H, D decomposes uniquely as D = D H + ψ H , where D H is a unitary connection and ψ H ∈ Ω 1 (X, End(V )) is self-adjoint. Define
We say a Hermitian metric H is harmonic if it satisfies:
When (X, ω) is Kähler, (1.2) is equivalent to D * H ψ H = 0, Donaldson [8] and Corlette [3] proved the existence of harmonic metric on the semi-simple flat bundle by using the heat flow method. In this paper, by using the continuous method, we extend Corlette and Donaldson's result to some non-Kähler case, see section 3 for details. Then, we construct an injective map from C s DR to C s Dol and prove the following theorem.
Theorem 1.1. Let (X, ω) be a compact Hermitian manifold of dimension n, satisfying ∂∂ω n−1 = ∂∂ω n−2 = 0 and X ∂[η] ∧ ω n−1 (n−1)! = 0 for any Dolbeault class [η] ∈ H 0,1 (X). Then there is an equivalence of categories between the category of poly-stable Higgs bundles with vanishing Chern numbers and the category of semisimple flat bundles. It is an interesting question whether there is a more general correspondence between C Dol and C DR or not. When the base manifold is a smooth projective variety, Simpson [23] proved that every semi-stable Higgs bundle with vanishing Chern numbers is an extension of stable Higgs bundles with vanishing Chern numbers, then he showed there is a correspondence between the category of semi-stable Higgs bundles with vanishing Chern numbers and the category of flat bundles over smooth projective varieties. In this paper, by using an argument in geometric analysis, we prove that every semi-stable Higgs bundle with the vanishing first and second Chern numbers is an extension of Higgs-Hermitian flat bundles over some non-Kähler manifolds. Theorem 1.2. Let (X, ω) be a compact Hermitian manifold of dimension n, satisfying ∂∂ω n−1 = ∂∂ω n−2 = 0. Let E = (E,∂ E , θ) be a Higgs bundle over X. Then E is semi-stable with ch 1 (E,∂ E )[ω n−1 ] = ch 2 (E,∂ E )[ω n−2 ] = 0 if and only if E admits a filtration
by Higgs subbundles such that the quotients Q k = E k+1 /E k are Higgs-Hermitian flat.
By using the Hermitian-Yang-Mills flow, Nie and the third author [19] generalized the above Simpson's result to the Kähler case. In the non-Kähler case, we combine the continuous method and the heat flow method to prove the above theorem, see section 5 for details. As an application, when rank(E) = 2 or the length l of the above filtration is two, we establish a correspondence between C Dol and C DR on some non-Kähler manifolds, i.e. we obtain the following theorem. Theorem 1.3. Let (X, ω) be a compact Hermitian manifold of dimension n, satisfying ∂∂ω n−1 = ∂∂ω n−2 = 0 and X ∂[η] ∧ ω n−1 (n−1)! = 0 for any Dolbeault class [η] ∈ H 0,1 (X). Then there is an one-to-one map between C Dol and C DR in rank 2 case.
We also find a nature one-to-one map between C Dol and C DR for high rank case, but as pointed in Remark 7.1, we can see this map only exists in Kähler case, i.e. we prove the following theorem. Theorem 1.4. Let (X, ω) be a Kähler manifold of dimension n. Then there is an one-to-one map between C Dol and C DR .
Actually, using Theorem 1.2 ( [19] for Kähler case) together with Simpson's argument in [23] , one can get a correspondence between C Dol and C DR over Kähler manifolds. However, Simpson's argument [23] is totally algebraic and highly abstract. We construct the correspondence map more directly, so we write down here. It should be point out that, by using Nie and third author's result [19] , Deng also give a constructing proof of this correspondence in his thesis [9] . The idea of our construction should be coincide, but there are some small differences in the details. Deng's proof relies on Simpson's ∂∂-lemma, but we solve elliptic equation (7.6) instead, see Section 7 for details. This paper is organized as follows. In Section 2, we introduce some basic concepts and results about Higgs bundles and flat bundles over non-Kähler manifolds. In Section 3, we prove Theorem 1.1. In Section 4, we obtain an ǫ-regularity theorem about the modified Yang-Mills-Higgs flow. In Section 5, we give a proof of Theorem 1.2. In Section 6 and Section 7, we prove Theorem 1. 
The Chern characters ch k (E,∂ E , H) ∈ A k,k (X) are defined by
Define the first and second Chern numbers by
Donaldson [7, Proposition 6] proved that, given two metrics H 1 and
for every 1 ≤ k ≤ min {r, n}. Since ∂∂ω n−1 = ∂∂ω n−2 = 0, we know the Chern numbers are well-defined and independent of the Hermitian metric on E. By the direct calculations, we have
For any torsion free coherent Higgs sheaf (F , θ F ), define the ω-degree and ω-slope by 
Let's consider the following perturbed equation on (X, ω):
where K is a fixed Hermitian metric on E. Making use of the continuous method in [24] and applying the Fredholmness of the elliptic operators, one can see that the above perturbed equation can be solved for any ǫ ∈ (0, 1]. Let H ǫ be the solution of the equation (2.11), we can conclude that [18, Lemma 2.2] (2.12)
and then
If the Higgs bundle (E,∂ E , θ) is semi-stable, we have [18, Theorem 3.2]
as ǫ → 0. Furthermore, we have the following theorem: 
where a 1 and a 2 are positive constants depending only on r and n. By choosing complex coordinates {z 1 , · · · , z n } on the considered point, we deduce: where we have used that H ǫ satisfies the perturbed equation (2.11) and ∂ E θ = 0, C 1 andČ 2 are positive constants depending only on the geometry of (X, ω). Of course (2.15) implies: whereČ 3 is a positive constant depending only on sup X |Λ ω F K,θ | K and the geometry of (X, ω). Then the maximum principle means:
whereČ 4 is a positive constant depending only on sup X |θ| K,ω , sup X |Λ ω F K,θ | K and the geometry of (X, ω).
2.2.
Flat bundles. Let (X, ω) be a compact Hermitian manifold of dimension n, (V, D) be a flat bundle over X. We call (V, D) is simple if it has no proper flat subbundle, otherwise call it non-simple. We say (V, D) is semi-simple if it is a direct sum of simple flat bundles. For any metric H on V , there is a unique decomposition
where D H is a unitary connection and ψ H ∈ Ω 1 (End(V )) is self-adjoint. Denote by ∂ H (resp.∂ H ) the (1, 0)-part (resp. (0, 1)-part) of D H . Define
H ) will be a Higgs bundle and H is a Higgs-Hermitian flat metric.
Proof. By the flatness of D, we have
H , ψ 0,1 H ] = 0. The Riemann bilinear relations assert that
On the other hand, by (2.23), we can show 
Set s = log(h), then by a similar discussion with [18] (or [25] ), we have
Proof.
In an open dense subset U of X, choosing a suitable orthonormal basis {e 1 , · · · , e r } of V with respect to the metric K, we can assume 
(2.32)
(2.34)
Combining all of the above, we complete this proof.
Taking the trace on both sides, we see
On the other hand, it holds that
According to Young's inequality, we have
.
and applying Moser's iteration, we finish the proof. 
For a flat bundle (V, D), the de Rham cohomology groups are defined by
Proof of Theorem 1.1
We first study the existence of harmonic Hermitian metric by using the continuous method. Let (V, D) be a flat bundle over X and H be a Hermitian metric on V . Set Assume that (X, ω) satisfies ∂∂ω n−1 = 0 and X ∂[η] ∧ ω n−1 (n−1)! = 0 for any [η] ∈ H 0,1 (X). Let K be a fixed background metric on V . Consider the following perturbed equation Proof. Indeed, let ϕ be a function satisfying
and chooseK = e ϕ Kh −1 1 as the fixed background metric, then
Proof. Taking the trace on both sides of equation (3.3) yields
Due to the maximum principle, we have log det(h) = 0 and det(h) = 1. For any 0 < δ < 1, define
We will use the continuity method to show that J δ = [δ, 1] for any 0 < δ < 1, hence J = (0, 1]. It is obvious that J δ = ∅. By the Fredholmness of an elliptic operator over a compact manifold and the implicit function theorem, we know that J δ is open. Next, we conclude that J δ is closed.
Proof. This lemma comes from Proposition 2.1 and the maximum principle.
Using the above C 0 -estimate, we can derive the C 1 -estimate and L p 2 -estimate by Donaldson's arguments in [7, Lemma 19] . But we will give another proof by the maximum principle.
where C 13 is constant depending only on the bound of sup X | log h| K .
Proof. After a straightforward calculation, we can show
whereC is a constant depending only on dω and the torsion of Chern connection, R is the curvature of Chern connection. According to the equation
whereC 2 ,C 3 andC 4 are the constants depending only on
whereC 5 andC 6 are the constants depending only on C 12 . On the other hand, we have √
where C 13 is a constant depending only on C 12 . Combining Lemma 3.2, Lemma 3.3 and the L p 2 -estimate of elliptic operator, we immediately know h ǫ is uniformly bounded in L p 2 for ǫ ∈ [δ, 1]. Thus J δ is closed for [δ, 1] and J = (0, 1].
Proof. This follows directly from Proposition 2.1. log(h ǫ ) L 2 = +∞. Then there is a sequence ǫ j → 0, such that
Based on Lemma 3.4, we have
According to the argument in [18, page 637], if Υ :
Then we know u j is uniformly bounded in L 2 1 . By choosing a subsequence which is also denoted by u j , we deduce u j → u ∞ weakly in L 2 1 as j → +∞. Then
Following Simpson's argument in [22, Lemma 5 .5], we know the eigenvalues of u ∞ are constants almost everywhere. Let λ 1 < λ 2 < · · · < λ l denote the distinct eigenvalues. Since tr (u ∞ ) = 0 and u ∞ L 2 = 1, we have l ≥ 2. Define
Let π α = p α (u ∞ ). From [22, Lemma 5.6] , one can see that
Set V α = π α (V ). Since (Id − π α )D 0,1 π α = 0, the Uhlenbeck-Yau's regularity theorem of L 2 1 -subbundle [24] states that V α is smooth outside an analytic subset Σ which is of co-dimension at least 2. Then V α is a flat subbundle of V on X \ Σ. Since X \ Σ is connected, we can extend V α to the whole X as a flat subbundle of V , which is contradict with the simpleness of V . 
Hence there is an equivalence of categories between the category of poly-stable Higgs bundles with vanishing Chern numbers and the category of semisimple flat bundles.
Modified Yang-Mills-Higgs flow
Suppose (X, g) is a compact Hermitian manifold of dimension n with the associated Kähler form ω satisfying ∂∂ω n−1 = ∂∂ω n−2 = 0. Let (E, H 0 ) be a Hermitian vector bundle over X, A H0 be the space of connections on E compatible with the metric H 0 , and A 1,1 H0 be the space of unitary integrable connections on E. Set 
where dv g is the volume form.
Consider the following modified Yang-Mills-Higgs flow (it is the gradient flow of Yang-Mills-Higgs functional in Kähler manifolds case):
As that in [13] , we can obtain the long time existence and uniqueness of solution to the modified Yang-Mills-Higgs flow. Indeed, let H(t) be the solution of the following Hermitian-Yang-Mills flow on the Higgs bundle (E,∂ A0 , φ 0 )
There is a family of complex gauge transformations
is a solution of the modified Yang-Mills-Higgs flow. For simplicity, we denote (A(t), φ(t)), H(t) and σ(t) by (A, φ), H and σ. It is easy to check that
(4.5)
Along the flow, we have 
]) − λId for simplicity. Based on (4.6) and (4.7), we establish the following proposition. It is well known that there are two connections on the tangent bundle T X: Chern connection and Levi-Civita connection. They are coincide on Kähler manifolds, but they are different in non-Kähler manifolds case. In the rest of this section, we use ∇ A to denote the Chern connection. Notice that for a smooth function f on a non-Kähler manifold, there holds
where V = * ( √ −1(∂ − ∂)ω n−1 ) and ∆ is the Beltrami-Laplacian. As that in [13, Section 2.2], the following result comes from a direct computation. 
where the constants C 1 , C 2 , C 3 depend only on sup X |φ 0 | H0 and the geometry of (X, ω). So we get sup X |φ| 2 ≤ max{sup X |φ 0 | 2 ,
where the constants C 4 , C 5 , C 6 depend only on the dimension n, and
where the constants C 7 , C 8 depend only on the dimension n.
4.1.
Monotonicity inequality and ǫ-regularity. Regard X as a compact Riemannian manifold of dimension 2n. For any x 0 ∈ X, choose normal geodesic
where i X is the injective radius of X) such that x 0 = (0, · · · , 0). Then it follows that
where C is a positive constant depending only on x 0 . Let u = (x, t) ∈ X × R. For any u 0 = (x 0 , t 0 ) ∈ X × R + , set
(4.13)
For simplicity, we denote S r (0, 0), T r (0, 0), P r (0, 0) by S r , T r , P r . 
where the constant C 9 depends only on the geometry of (X, ω) and sup X |φ 0 | H0 .
where the constantsC 1 ,C 2 depend only on the geometry of (X, ω) and sup X |φ 0 | H0 . One can conclude this proposition by integrating both sides of the inequality over
The fundamental solution of (backward) heat equation with singularity at u 0 = (x 0 , t 0 ) is
For simplicity, denote G (0,0) (x, t) by G(x, t). 
where the constant C 10 depends only on the geometry of (X, ω).
Proof. Choose normal geodesic coordinates {x
(4.20)
Then one can see that
(4.21)
First, we have
Tr(u0)
Tr(u0) From the Bianchi identity
and
(4.26)
Under the condition ∂∂ω n−2 = ∂∂ω n−1 = 0, Demailly [9] proved
(4.28)
It is easy to check
(4.33)
Combining (4.24), (4.25), (4.26), (4.28), (4.29) and (4.33), and using φ ∧ φ = 0, we deduce
Tr (u0)
(4.34)
Noting that and applying φ ∧ φ = 0 again, one can get
(4.37)
, then
(4.39)
Calculating straightforward, we obtain Based on (4.12) and |Γ i jk | ≤ C|x|, there exists constantsC 1 andC 2 , such that 
(4.42)
According to Chen-Struwe's arguments in [4] , we know there exists a constant C 4 > 0 such that
where the constantC 5 depends only onC 3 andC 4 . As that shown in [20] (page 15), we have −r
−2r
(4.45)
From above, it can be seen that
Then integrating two sides of this inequality concludes this proof. By the monotonicity inequality, we can derive the ǫ-regularity theorem. 
where C 11 is a positive constant depending only on R, δ 0 , sup X |φ 0 | H0 and the geometry of (X, ω).
Proof. Regard X as a real manifold. The proof is very similar to the one of Theorem 2.6 in [14] . Since f (r) is continuous and f (2δR) = 0, we know that f (r) attains its maximum at some point r 0 ∈ [0, 2δR). Suppose (x 1 , t 1 ) ∈P r0 (x 0 , t 0 ) is a point such that We claim that when ǫ 0 , δ 0 are small enough, f (r 0 ) ≤ 16. Otherwise, set
Rescaling the Riemannian metricg = ρ −2 0 g and t = t 1 + ρ 2 0t , we get Thus
Combining this together with Proposition 4.2 yields that 0) , where the constantC 1 depends only on the geometry of (X, ω) and sup X |φ 0 | H0 . Then by the parabolic mean value inequality and Proposition 4.3, we observe sup
where the constantC 2 depends only on the geometry of (X, ω) and sup X |φ 0 | H0 . Similarly, combining (4.58), (4.56) and Proposition 4.2, one knows that 0) , where the constantC 3 depends only on the geometry of (X, ω) and sup X |φ 0 | H0 . Using the parabolic mean value inequality again, we can see that
where the constantC 4 depends only on the geometry of (X, ω) and sup X |φ 0 | H0 . Choose normal geodesic coordinates centred at x 1 , and a smooth cut-off function f ∈ C ∞ 0 (B R/2 (x 1 )) such that 0 ≤ f ≤ 1, f ≡ 1 on B R/4 (x 1 ), |df | ≤ 8/R on B R/2 (x 1 ) \ B R/4 (x 1 ). Taking r 1 = ρ 0 and r 2 = δ 0 R, applying the monotonicity inequality, we obtain
Pρ 0 (x1,t1) e(A, φ)dv g dt
where the constantC 5 depends only on the geometry of (X, ω) and sup X |φ 0 | H0 . Choose ǫ 0 , δ 0 properly such thatC 4C5 (δ 2−2n 0 ǫ 0 +δ 2 0 R 2 Y M H(A 0 , φ 0 )) < 1, and then a contradiction occurs. So f (r 0 ) ≤ 16, which implies On P 3δR/2 (u 0 ), from Proposition 4.2, Proposition 4.3 and the parabolic mean value inequality, we derive sup P δR (u0)
where the constantC 6 depends only on R, δ 0 , sup X |φ 0 | H0 and the geometry of (X, ω).
Proof of Theorem 1.2
Theorem 5.1. Let (X, ω) be a compact Hermitian manifold of dimension n, satisfying ∂∂ω n−1 = ∂∂ω n−2 = 0. Let (E,∂ E , θ) be a semi-stable Higgs bundle with
is approximate Higgs-Hermitian flat.
Proof. By Theorem 2.1 and ch 1 (E,∂ E )[ω n−1 ] = 0, we know that there is a family of Hermitian metrics {H ǫ } ǫ>0 , satisfying
Clearly ch 2 (E,∂ E )[ω n−2 ] = 0 means
Consider the following Donaldson flow
It is gauge equivalent to
According to Proposition 4.1, we observe X |F Aǫ(t),φǫ(t) | 2
Hǫ ω n n! = X |F Hǫ(t),θ | 2
Hǫ ω n n! .
(5.5)
Since sup X |θ| 2 Hǫ,ω ≤Č 4 , the constantsC 4 andC 5 in the proof of Theorem 4.2 depend only on the geometry of (X, ω) andČ 4 . Assume ǫ < 1, then there is a constantČ 5 , such that
We can fix a pair of positive constants ǫ 0 , δ 0 in Theorem 4.2 satisfyingC 4C5 (δ 2−2n
Hǫ ω n n! ≤ ǫ 0 .
By Theorem 4.2, for any δ ∈ (0, δ 0 ), it holds that sup P δR (u0) e(A ǫ (t), φ ǫ (t)) ≤ 16
(δR) 4 and sup P δR (u0) |∇ Aǫ(t) φ ǫ (t)| 2 Hǫ ≤ C 11 . Therefore we deduce
where the constantsĈ 1 ,Ĉ 2 are independent of ǫ. Combining (5.7), (5.8) and Proposition 4.2, we can find a constantČ 6 independent of ǫ and t, such that
Applying the mean value inequality of parabolic equation, one can see that there is a constantČ 7 independent of ǫ and t, such that for t > i 2 X + 1, there holds (5.10)
Take t = i 2 X + 2, then we know {H ǫ (i 2 X + 2)} is a family of approximate Higgs-Hermitian flat metrics.
Replacing the Kähler condition by the Gauduchon condition, one can easily get the following lemma by a similar argument as that in [19, Proposition 2.2] .
Lemma 5.1. Let X be a compact Hermitian manifold of dimension n, satisfying ∂∂ω n−1 = ∂∂ω n−2 = 0. Let (E,∂ E , θ) be an approximate Higgs-Hermitian flat Higgs bundle. If s is a non-trivial θ-invariant holomorphic section of E, then s has no zeros.
Proof of Theorem 1.2. The proof is completely similar to the one of [19] in Kähler case. Anyway, we will present its proof here for the readers' convenience.
The sufficiency is easy to show by directly calculating. Here we only prove the necessity. Suppose (E,∂ E , θ) is strictly semi-stable. There is a Higgs coherent subsheaf S of minimal rank p with deg ω (S) = 0. Thus S is stable. Replacing S by its double dual S * * , we can assume S is reflexive. In the following, we prove that S is a Higgs subbundle.
Consider the following exact sequence of Higgs sheaves:
Let {H ǫ } be the approximate Higgs-Hermitian flat metrics. We can define the bundle isomorphisms
where Z is the singularity set of S. Then the pull-back holomorphic structure and Higgs field on S ⊕ Q are
On the basis of Gauss-Codazzi equation proved in [19] , we know (5.14)
Since tr ([θ S , θ * S ]) = 0 and
Consider the determinant line bundle det(S) = (∧ p S) * * equipped with the possibly singular metricĤ ǫ = det(H S,ǫ ) on X. From (5.15) , it follows that −
Therefore, subsequently,
2π FĤ S,ǫ converges to zero weakly in the sense of current. We can also show that ch 2 (det S)[ω n−2 ] = 0. This means det(S) is Hermitian flat. Furthermore, because (E,∂ E , θ) is approximate Higgs-Hermitian flat, (∧ p E ⊗ (det S) −1 , θ p ) is also approximate Higgs-Hermitian flat, where θ p is the induced Higgs field on ∧ p E ⊗ (det S) −1 . A Higgs morphism det(S) → ∧ p E can be seen as a θ p -invariant section of ∧ p E ⊗ (det S) −1 . Lemma 5.1 tells us that the non-zero Higgs morphism det(S) → ∧ p E is injective. Then by Lemma 1.20 in [6] , we know that S is a Higgs subbundle of E.
From the exact sequence of Higgs bundles, one can see that 
Proof. We will show that for any [β] ∈ H 1 Dol (X, E), there is a representativeβ ∈ [β], such that D H,θβ = 0. Consider the following equation
Making use of the continuity method, one can easily prove that the solvability of this equation is equivalent to the one of (6.3)
Suppose γ ∈ Γ(X, E) is a solution of (6.5)
According to (4.27), one can easily check that
A simple computation gives
From Proposition 4.1 in [16] , we can see that for any α ∈ Ω 2 (E) with Λ ω α = 0, there holds (6.8) (τ +τ * )α = − * (d(ω n−2 ) ∧ (α 1,1 − α 2,0 − α 0,2 )) (n − 2)! . , then (6.31)
Comparing both sides of this equation, we get (6.32)
Using D ′′ (P 1 2 ) = 0, we know √ −1Λ ω D ′ D ′′ (P 1 2 ) = 0. This means D ′ (P 1 2 ) = 0. By D ′ρ = D ′β = 0, one can obtain
From equation (6.32) and D ′ρ = D ′β = 0, we also have √ −1Λ ω D ′ D ′′ (P 2 1 ) = 0. Then D ′ (P 2 1 ) = 0 and D ′′ (P 2 1 ) = 0. Together with all of the above, we see
Hence, (E, D E ) ≃ (E,D E ).
6.2.
From flat bundle to Higgs bundle. Now we construct a map i : C DR → C Dol in rank 2 case. Suppose (V, D) is a flat bundle with rank(V ) = 2. There are also two cases to consider. Case 1. (V, D) is semi-simple. By Theorem 1.1, there is a Higgs structure on V denoted by (∂ V , θ V ) and (V,∂ V , θ V ) is polystable with vanishing Chern numbers. Define i mapping from the equivalent class of (V, D) to the equivalent class of (V,∂ V , θ V ).
Case 2. (V, D) is not semi-simple. Then there is a flat subbundle (S, D S ) of (V, D), and we have the following exact sequence of flat bundles
It is obvious that (S, D S ) and (Q, D Q ) are simple flat bundles. According to Theorem 1.1, we can get Higgs structures on S and Q by choosing good metric, denoted by (∂ S , θ S ) and (∂ Q , θ Q ). For such an exact sequence of flat bundles, it determines a flat extension class in H 1 DR (Q * ⊗ S). Choose a C ∞ splitting f : S ⊕ Q → V . The pull-back of D can be expressed as
and one can check that D Q * ⊗S β = 0. The extension class can be presented by β.
Let H Q * ⊗S be the metric on Q * ⊗ S satisfying G H Q * ⊗S = 0, (∂ Q * ⊗S , θ Q * ⊗S ) be the related Higgs structure. By Lemma 6.1, there is aβ = β + Dγ ∈ [β] satisfying D ′′ Q * ⊗Sβ = 0. Definef : S ⊕ Q → E to be
Define the holomorphic structure∂ V and Higgs field θ V on V by
Then (V,∂ V , θ V ) is a semi-stable Higgs bundle with vanishing Chern numbers and
is an exact sequence of Higgs bundles. Define i mapping from the equivalent class of (V, D) to the equivalent class of (V,∂ V , θ V ), and we can also show that this definition is well-defined, which we omit here.
Proof of Theorem 1.3. From above, we define two maps i and j. It is easy to see i • j = Id C Dol and j • i = Id CDR . So i and j are one-to-one maps, this finishes the proof.
7. Proof of Theorem 1.4
In this section, we assume that (X, ω) is a Kähler manifold. Let (E,∂ E , θ) be a semi-stable Higgs bundle over X with ch 1 (E,∂ E )[ω n−1 ] = ch 2 (E,∂ E )[ω n−2 ] = 0. Then there is a filtration (7.1) 0 = E 0 ⊂ E 1 ⊂ · · · ⊂ E l = E, such that Q i = E i /E i−1 associated with the induced Higgs field is a stable Higgs bundle and ch 1 (Q i )[ω n−1 ] = ch 2 (Q i )[ω n−2 ] = 0, i = 1, · · · , l. Take a smooth splitting f : Inductively, suppose we construct a splitting f p , such that β j i satisfies the equation (7.3) and D ′ β j i = 0 for 1 ≤ j − i ≤ p. Letβ i+p+1
This equation can be solved in Kähler manifolds case. Calculating directly deduces • · · · • h l l−p−1 . Then f p+1 is a splitting satisfying equation (7.3) and D ′ β j i = 0 for 1 ≤ j − i ≤ p + 1. Let f = f l−1 , thenf is a splitting satisfying the conditions in this lemma. Then we can define a map j : C Dol → C DR . Next, we will show this map is welldefined. Suppose we have another filtration (7.9) 0 =Ẽ 0 ⊂Ẽ 1 ⊂ · · · ⊂Ẽ l = E. This means (7.12)
Using D ′′ (P 1 l ) = 0, similar to the argument in Section 6, we can show D ′ (P 1 l ) = 0. By induction, we can prove D ′ P j i = 0 for 1 ≤ i, j ≤ l, which implies (E, D E ) ≃ (E,D E ). Therefore the map j is well-defined.
Conversely, we can also define a map i : C DR → C Dol . It is obvious that i • j = Id C Dol and j • i = Id CDR . So j is an one-to-one map between C Dol and C DR .
